The variational field equations of Brans-Dicke scalar-tensor theory of gravitation are presented in a Riemannian and non-Riemannian setting in the language of exterior differential forms over 4-dimensional spacetime. In Rosen coordinates, the equations of motion of non-spinning test masses are considered in a gravitational plane wave setup and detailed to interpret a scalar field α as a candidate for dark energy for negative values of the Brans-Dicke parameter −3/2 < ω < 0 .
Introduction
General relativity is a geometrical theory of gravitation that is determined by the metric of spacetime. Brans-Dicke theory of gravity [1, 2, 3] , a scalartensor theory, introduces an adjustment to the initial framework of Einstein in order to include Mach's Principle by including a scalar field φ. The astrophysical observations supplied to scientist with the construct of low energy string theories with scalar fields are very efficient in depicting the large scale structure of spacetime and subatomic physics; so it is very reasonable to recognize them also at large scales.
Brans-Dicke theory covers the geodesic postulate; the motion of a test mass is determined by the geodesics with the gravitational effects of all particles embedded in the metric and the associated Levi-Civita connection. The assumption that the matter lagrangian is independent of the scalar field φ secures the equivalence principle. The string unification of gravity and all quantum powers make researchers think on the property and reasonableness of the theory of gravitational interaction being depicted, by geometry alone. There are several hints that a non-Riemannian setting of spacetime may contribute a refined and coherent way to describe gravitational fields [4, 5, 6, 7] . A first order variation of the Brans-Dicke Lagrangian implies that the spacetime connection can admit a non-vanishing torsion. The field equations obtained are equivalent to up to a shift in the coupling constant [8] .
Under the influence of gravity alone, non-spinning test masses follow geodesic equations of motion in a Riemannian spacetime and autoparallels of a connection with torsion [9] in a non-Riemannian geometry. The existence of other matter fields will reshape the geometry of spacetime, and in the presence spinorial matter, torsion will be picked up by differential equations [10, 11] . In this article, the gradient of the scalar field determines the space-time torsion, and a particular choice of the scalar field applied to parallely propagating gravitational plane waves will reduce the field equations to the vacuum Einstein equations. In particular, we are motivated on the interpretation in a Riemannian and non-Riemannian geometry. Explicitly, the Brans-Dicke parameter and the autoparallels of the connection with torsion which differ from the geodesic equations of motion will help us understand the coherence of the explanation.
The article is organized as follows: in Section 2, we present the BransDicke theory of gravity with the gravitational field equations and the equations of motion of a non-spinning test mass in a non-Riemannian setting in the language of exterior differential forms. Section 3 details the plane wave solutions in Rosen coordinates and a particular choice of scalar field that reduce the field equations to source-free Einstein equations. Section 4 is devoted to concluding remarks.
Brans-Dicke Theory Field Equations
Let M be a 4-dimensional spacetime manifold, the field equations are determined from the action I = M L, where the Brans-Dicke Lagrange density 4-form
{e a } 's denote the co-frame 1-forms in terms of which the space-time metric is given by g = η ab e a ⊗ e b with η ab = diag(− + ++). * stands for the Hodge map. The volume form is * 1 = e 0 ∧ e 1 ∧ e 2 ∧ e 3 . We write the Brans-Dicke scalar field as φ = α 2 for convenience. {ω a b } are the connection 1-forms that satisfy the Cartan structure equations
with the torsion 2-forms T a and
with the curvature 2-forms R a b of spacetime. We vary the action with respect to the co-frame 1-forms e a , connection 1-forms ω a b and the scalar field α. The corresponding coupled field equations turn out to be (c = 0) in the non-Riemannian description:
where
are the energy-momentum 3-forms of the scalar field and ι a denote the interior products that satisfy ι a e b = δ b a .
Denoting the Levi-Civita connection 1-forms {ω a b }, fixed in a unique way by the metric tensor through the Cartan structure equations
we obtain the equivalent field equations to the above field equations (4) in the Riemannian description as:
whereD denotes the covariant exterior derivative with respect to the LeviCivita connection. Then the coupling constant c can be identified in the classical BransDicke theory by
where ω denotes the conventional Brans-Dicke coupling constant.
Plane Wave Solutions
We consider the plane fronted gravitational wave metric in Rosen coordinates (u, v, x, y) to solve the Brans-Dicke field equations [12, 13] :
We further take a scalar field
We note that the scalar field equation to the system is again identically satisfied. Working out the expressions for the curvature, torsion and the scalar field stress-energy-momentum tensors, the Einstein field equations to be solved reduce to the following second order differential equation:
For a particular choice of α such that
where C 1 and C 2 are arbitrary integration constants, all the α-dependent terms in (11) drop out and we recover the source-free Einstein field equation:
If we study the articles of Brans and Dicke, we notice that the right hand side of the field equations in a Riemannian setting is composed of two terms [14] : one term contains the Brans-Dicke parameter multiplying the scalar field stress-energy tensor; that comes from the kinetic term of the scalar field in the action, while the other does not contain any parameter. In fact it comes from the geometry of the spacetime itself, and it cannot be seen explicitly in the non-Riemannian description. We emphasize that there exists such parameter values where these two terms cancel each other out and the field equations reduce to the source-free Einstein equations as we have shown above. Thus in certain spacetime geometries the geodesic equations of motion are not affected by the scalar field at all in the conventional Riemannian approach. There is a scalar field but non-spinning test masses are not influenced by it. We have a conceptual problem in the conventional Riemannian interpretation whereas in the non-Riemannian description there is none. Let us decorate this observation by explicitly giving the geodesic equations as functions of proper time τ and constants of motion p u , p x , p y neatly as [13] 
Similarly the autoparallel equations are given as
where in the former case a test mass does not interact with the field and in the latter it clearly does.
Taking the Brans-Dicke field equations with torsion and looking at solutions, we have found a particular gravitational plane wave solution. The metric is the source-free (vacuum) Einstein metric and the terms coming from torsion and the stress-energy momentum tensor cancel out and the scalar field equation is satisfied. In the non-Riemannian description, we do not have any issues, on the right hand side, the energy momentum tensor is different than zero and positive definite. The left hand side of the field equations, the geometry is affected by torsion, given by the gradient of the scalar field.
When we look at the autoparallel equations they are not the source-free Einstein geodesic equations. We find different equations of motion as expected.
Had we insisted on the classical Brans-Dicke interpretation, this solution would be a solution again. But what kind of a solution? The left hand side ensures the Einstein vacuum equations while at the right hand side, there would have been solutions such that the improvement term and the energy momentum tensor cancel out and we would have interpreted them as "ghosts". The fundamental problem is when we consider the geodesic hypothesis. The presence of the scalar field is assumed not to affect the geodesics in this case. We have a ghost field in a sense analogous to the ghost neutrino problem [15, 16] , The theory is not scale invariant, the metric is the vacuum Einstein metric and the equations of motion are the geodesics that are implied by the Einstein field equations, and the test masses do not see the scalar field. In the standart interpretation, this is an issue but in an interpretation with torsion, it is not. This we believe is a strong case for the non-Riemannian interpretation of Brans-Dicke gravity.
Concluding Remarks
In this article, we studied a gravitational plane wave solution of the BransDicke field equations to point the consistentency interpretation of the nonRiemannian setting. The spacetime geometry is relaxed to admit torsion, depending on the gradient of the scalar field. A particular choice of the scalar field α reduces the field equations to the source-free Einstein field equations. The clarification on the sign is of utmost importance. There are two terms that cancel out in the right hand side, one is the shifted energy-momentum tensor and another term that comes from the geometry. What we explicitly want to show is the existence of such a configuration for 0 < c < 6 i.e. for a negative ω, specifically − 3 2 < ω < 0. This may well be a dark energy candidate. On the other hand, we have detailed that if we try to explain the theory in a Riemannian description, we come to a pathological case where there is a scalar field present that cancels, in a way, the right hand side of the Einstein equations and that in the same geodesic hypothesis the scalar test mass does not interact with this scalar field. If we adopt a more consistent hypothesis, that scalar test masses should follow autoparallels of the connection with torsion, then the identification of the energy-momentum tensor and the equations of motion are coherent. Torsion explicitly affects as it should, the equations of motion of the scalar test masses. Brans-Dicke field equations and the equivalence principle should be given in a non-Riemannian setting to be viable, modest and coherent. That is why we have discussed this in a particular plane wave example with a negative Brans-Dicke parameter ω, dark ω, which can depict some form of dark energy.
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